IDEAL STRUCTURE OF C*-ALGEBRAS ASSOCIATED WITH 

C*-CORRESPONDENCES 



TAKESHI KATSURA 

Abstract. We study the ideal structure of C*-algebras arising from C*-corre- 
spondences. We prove that gauge-invariant ideals of our C*-algebras are param- 
eterized by certain pairs of ideals of original C*-algebras. We show that our 
C*-algebras have a nice property which should be possessed by generalization of 
crossed products. Apphcations to crossed products by Hilbert C*-bimodules and 
relative Cuntz-Pimsner algebras are also discussed. 



0. Introduction 

For a C*-algebra A, a C*-correspondence over A is a (right) Hilbert A-module 
with a left action of A. Since endomorphisms (or families of endomorphisms) of 
A define C*-correspondences over A, we can regard C*-correspondences as (multi- 
valued) generalizations of automorphisms or endomorphisms. This point of view 
has same philosophy as the idea that topological correspondences defined in |K2j 
are generalizations of continuous maps (see |K2t Section 1]). 

A crossed product by an automorphism is a C*-algebra which has an original 
C*-algebra as a C*-subalgebra, and reflects many aspects of the automorphism. For 
example, the set of ideals of the crossed product which are invariant under the dual 
action of the one- dimensional torus T corresponds bijectively to the set of ideals of 
the original C*-algebra which are invariant under the automorphism. As C*-cor- 
respondences are generalizations of endomorphisms, a natural problem is to define 
"crossed products" by C*-correspondences. There are plenty of evidence that the 
construction of the C*-algebra Ox from a C*-correspondence X in |K4j is the right 
one. One piece of evidence is that this generalizes many constructions which were or 
were not considered as generalizations of crossed products (see |K4j ). We are going 
to explain another piece of evidence. For a C*-correspondence X, we can naturally 
define a notion of representations of X fDefinition l2.7|) . Thus one C*-algebra which 
is naturally associated with a C*-correspondence X is a C*-algebra Tx having a 
universal property with respect to representations of X f Definition 13. This C*- 
algebra Tx is nothing but an (augmented) Cuntz-Toeplitz algebra defined in |Pi]. 
When a C*-correspondence X is defined by an automorphism, the C*-algebra Tx is 
isomorphic to the Toeplitz extension of the crossed product by the automorphism 
defined in |PVj . This C*-algebra is too large to reflect the informations of X. In 
order to get "crossed products", we have to go to a quotient of Tx. There are two 
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ways to go. One way is to define "covariance" of representations of a C*-correspon- 
dence X, and define a "crossed product" by X so tliat it lias tlie universal property 
with respect to covariant representations of X. This kind of method has been used 
in many papers, and we define our C*-algebra Ox along this line (Definition 13 .41 
Definition 13. 5|) . The other way is to list up the properties of Tx which the "crossed 
product" should have, and define a "crossed product" by X to be the smallest 
quotient of Tx among the quotients satisfying these properties. For such properties, 
the following two seem to be reasonable; 

(i) the original C*-algebra is embedded into the "crossed product" , 

(ii) there exists a "dual action" of T on the "crossed product" . 

In this paper, we show that these two methods give the same C*-algebra Ox (Propo- 
sition [T^J. This indicates that the C*-algebra Ox is the right one for a "crossed 
product" by a C*-correspondence X. We note that Cuntz-Pimsner algebras do not 
satisfy the property (i) above when the left action of the C*-correspondence is not 
injective, and that the C*-algebra Ox is isomorphic to the Cuntz-Pimsner algebra 
when the left action of the C*-correspondence is injective. 

The "dual action" of T on the C*-algebra Ox is called the gauge action. The main 
purpose of this paper is to describe the all ideals of the C*-algebra Ox associated 
with a C* -correspondence X which are invariant under the gauge action. We define 
invariance of ideals of A with respect to a C*-correspondence X over A (Definition 
14. 8|) . Unlike the case of crossed products by automorphisms, we need extra ideals of 
A other than invariant ideals to describe all gauge- invariant ideals of Ox- Similar 
facts were observed in many papers ( ^ BHRH l \D \- \ \Kl\ IK3j to name a few) for C*-al- 
gebras arising from graphs or topological graphs. We introduce a notion of 0-pairs 
which are pairs consisting of invariant ideals and extra ideals of A, and show that 
gauge-invariant ideals are parameterized by 0-pairs f Theorem 18. 6p . 

This paper is organized as follows. In Sections ^ and |2l we fix notations and 
gather results on Hilbert C*-modules and C*-correspondences. In Section El we 
give the definition of our C*-algebras Ox constructed from C*-correspondences X. 
In Sections El and we introduce and study invariance of ideals, T-pairs and O- 
pairs. These are related to representations of C*-correspondences. In Section |B1 we 
construct a C*-correspondence X^ from a T-pair uj, and in Section |7| we prove that 
this C*-correspondence has a certain universal property. As a corollary, we give 
an alternative definition of our C*-algebras Ox described above (Proposition (7^3) • 
In Section |H1 we prove the main theorem (Theorem 18. 6|) which says that the set 
of all gauge-invariant ideals of Ox corresponds bijectively to the set of all 0-pairs 
of X. We also see that a quotient of Ox by a gauge-invariant ideal falls into the 
class of our 0*-algebras. In Sectional we see that every gauge- invariant ideals have 
hereditary and full C'*-subalgebras which are isomorphic to C**-algebras associated 
with C'*-correspondences. As a consequence of the study of crossed products by 
Hilbert 0*-bimodule in Sectional all gauge-invariant ideals themselves are shown 
to be isomorphic to C'*-algebras associated with C'*-correspondences. In Section ITTl 
we apply our investigation to relative Cuntz-Pimsner algebras defined in |MSj . 

The author is grateful to Yasuyuki Kawahigashi for his constant encouragement. 
This paper was written while the author was staying at University of Oregon. He 
would like to thank people there for their warm hospitality. 
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We denote by N = {0, 1,2,.. .} the set of natural numbers, and by C the set 
of complex numbers. We denote by T the group consisting of complex numbers 
whose absolute values are 1. We use a convention that ■y{A, B) = {7(0, b) E D \ 
a G A, 6 G B} for a map 'y: A x B ^ D such as inner products, multiplications or 
representations. We denote by span{- ■ ■ } the closure of linear spans of {■■■}. Thus 
the Cohen factorization theorem can be stated as follows; 

Lemma. Let A be a C*-algebra, X be a Banach space, and ir: A ^ B{X) be a 
homomorphism from A to the Banach algebra B{X) of the bounded operators on 
X. Then we have 'k{A)X = span(7r(y4)X). 

We use this result just to make notation and arguments short. The readers who 
are not familiar with the theorem may use span(7r(74)X) instead of 7r{A)X, which 
are actually the same. 

1. HiLBERT C*-MODULES 

Definition 1.1. Let A be a C*-algebra. A (right) Hilbert A-module X is a linear 
space with a right action of the C*-algebra A and an A-valued inner product (■, ■)x 
satisfying certain conditions such that X is complete with respect to the norm 
defined by U\\x = 11(^,0x11'/' for ^ e X. 

For a precise definition of Hilbert C*-modules, consult (Lj. We do not assume 
that a Hilbert A-module X is full. Thus span(X, X)x can be a proper ideal of A, 
where an ideal of a C*-algebra always means a closed two-sided ideal except in the 
proof of Lemma 14.61 

Definition 1.2. For a Hilbert A-module X, we denote by C{X) the C*-algebra of 
all adjointable operators on X. For 77 G X, the operator 6*^^^ G C-{X) is defined by 
e^^^{Q = ^{r], Qx for C G X. We define the ideal /C(X) of C{X) by 

/C(X) = span{%,^ G C{X) \^,r]e X}. 

Let us fix a C*-algebra A and a Hilbert A-module X throughout this section. 

Proposition 1.3. Let I be an ideal of A. For ^ G X, the following are equivalent: 

(i) e e XI, 

(ii) {r],Ox el for all 7] eX, 

(iii) 

(iv) there exist rj e X and a positive element a e I such that = rja. 

Proof. Clearly (iv) ^ (i) ^ (ii) ^ (iii). For ^ G X with {C,,Ox e I, we can find 
77 G X such that ^ = rja for a = {{^, Ox)^^'^ ^ I (|Ll Lemma 4.4]). This proves (iii) 
^ (iv). □ 

Corollary 1.4. For an ideal I of A, XI is a closed linear subspace of X which is 
invariant by the right action of A and by the left action of C{X). 

Proof. Since the set of ^ G X satisfying the condition (ii) in Proposition 11.31 is a 
closed linear space, we see that XI is a closed linear space (this also follows from 
the Cohen factorization theorem). The rest of the statement is easy to verify. □ 
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By this corollary, XI is a Hilbert A-submodule of X. We can and will consider 
/C(X/) as a subalgebra of IC{X) by 

/C(XJ) = span{%,^ G /C(X) | r/ G X/} C /C(X), 

(cf. |FMRt Lemma 2.6 (1)]). Note that XI is also considered as a Hilbert /-module. 
For an ideal / of A, we denote by Xj the quotient space X/XI. Both of the natural 
quotient maps A — >■ A/ 1 and X — ^ Xj are denoted by [■]/. The space Xj has an 
A/J-valued inner product (■, and a right action of A// so that 

for ^, C e X and a G A. By Proposition 11.31 r] E Xj satisfies {rj, ri)xj = only when 
7] = 0. Hence H^^Hx/ = II ('7; ''7)x7ll"'^'^^ defines a norm on Xj. 

Lemma 1.5. For t] G X/, there exists ^ G X such that rj = [^]/ and ||77||xj = ||^||x- 

Proof. Clearly [-ji is a norm- decreasing map. Thus it suffices to find ^ G X such 
that = 1] and ||^||x < ||?7||x^ for rj G Xj. Set C = \\r]\\xj = II ('7, '7)x^||- Let f,g 
be functions on R+ = [0, oo) defined by 

Then we have g{r) = rf{rY and g{r) < C for r G M+. Take ^ with rj = [C,o]i- 
Set a = /((^o? ^o)x) ^ ^ and ,^ = ^o*^ ^ ^ where A is the unitization of A. We have 
{^,0x = a*(^o,6)xa = g{{^o,^o)x)- Hence we get ||C||x < C^^^ = \\v\\xj- Since / 
is 1 on [0, C], we have 

[a]i = f mo, ^o)x]i) = fi{v,v)x,) = I. 
Therefore we see that [^]/ = [.Co]/H/ = V- We are done. □ 

By this lemma, the norm || ■ of Xj coincides with the quotient norm of [■] / : X — ^> 
X/ (cf. |FMRt Lemma 2.1]). Hence Xj is complete, and so it is a Hilbert A/I- 
module. 

Since XI is closed under the action of C{X), we can define a map C{X) — > C{Xj), 
which is also denoted by [■]/, so that = [5*^]/ for S G C{X) and ^ G X. By 

definition, S G C{X) satisfies [S]i = if and only if 5*^ G XI for all ^ G X, which 
is equivalent to the condition that {rj, S^) G / for all ^,77 G X by Proposition 11.31 

Lemma 1.6 (cf. |FMRt Lemma 2.6]). For ^,,1] G X, we have [d^,r]]i = ^Kl/.M/- 
The restriction of the map [■]/: C{X) —>■ C{Xj) to /C(X) is a surjection onto /C(X/) 
whose kernel is /C(X/). 

Proof. The first assertion is easily verified by the definition. This implies that the 
restriction of the map [■]/ to /C(X) is a surjection onto /C(X/), and that /C(XJ) is 
in the kernel of [■]/. We will show that if G /C(X) satisfies that [k]j = 0, then 
k G }C{XI). 

There exists an approximate unit {maIasa of /C(X) such that for each A G A, ma is 
a finite linear sum of elements in the form 6^^r]- Take k G /C(X) with [k]i = 0. Since 
we have k = limku\, to prove k G /C(XJ) it suffices to show that k9^^,^ G /C(X/) 



IDEAL STRUCTURE OF C*-ALGEBRAS ASSOCIATED WITH C*-CORRESPONDENCES 5 

for arbitrary ^,r7 G X. Since kC, G XI, we can find ^ and a positive element 
ao G / such that = ^o^o by Proposition I1.31 Then we have 

We are done. □ 

Note that it often happens that [S]i G IC{Xj) even if ^ /C(X). This observation 
plays an important role in our analysis after Sectional Note also that though three 
maps [■]/: A ^ A/I, [■]/: X — X/ and [■]/: /C(X) /C(X/) are always surjective, 
the map [■]/: C{X) '^(X/) need not be surjective (because Tietze's extension 
theorem fails in general). 

Take two ideals / and /' of A such that / C /'. Then I' /I is an ideal of A/ 1 
and {A/ 1) /{I' /I) 3 [[q]i]j,^j ^ H/' ^ A/ 1' gives a well-defined isomorphism. By 
this isomorphism, we will identify {A/ 1) /{I' /I) with A/ 1'. Thus the quotient map 
[■]//: A ^ A/I' coincides with the composition of [■]/: A A/I and [■]/'//: A/I —>■ 
A/I'. Similarly we will identify (X/)//// with X// so that [■]// = [•]/'// o holds for 
both X — > X// and C{X) i2(X//). It is easy to see the following. 

Lemma 1.7. We have {Xr)i = Xi{r/I) m Xj. 

Now take two ideals Ji and I2 of A. It is well-known that the ideal /in/2 coincides 
with /1/2, and that Ji + I2 is an ideal of A. It is easy to see that the natural map 
n I2) {Ii + l2)/l2 is an isomorphism. A pull-back C*-algebra B of two 
quotient maps [•]{/i+/2)//i : ^/h ^/{h + h) and Wi^+h)/^ ■ ^/h A/{Ii + h) 
is defined by 

B = {(61,62) e A/h © A/I2 I [6i](/i+/2)//i = {b2]ii,+i,)/h e A/ih + /2)}. 
It is not difficult to see the following (see the proof of Proposition II. 10() . 
Lemma 1.8. The map 

n- A/{h n J2) 9 6 ^ ([&]/i/(/in/2), [b]i2/{hni2)) ^ B 
is an isomorphism. 

We will show analogous statements for Hilbert modules and sets of operators on 
them. Define a linear space Y by 

y = {{VUV2) e X/, ©X72 I [ni]ih+i2)/h = [V2]ih+h)/i2 e X/.+zJ. 
We define a 5- valued inner product on Y by 

{{Vi,V2),{v'i,v'2))y= {{VuV'i)xj^,{V2,v'2)xjJ eB, 

for (^71,772), {fl'iiV'2) ^ y ■ Clearly Y is complete with respect to the norm defined by 
the inner product. If we define a right action of -B on F by 

(^1,^2) (61, 62) = (77161,77262) G Y 

for (jji, 772) G Y, (61, 62) G -B, then we can easily see that F is a Hilbert -B-module. 

Lemma 1.9. The restriction of the quotient map [■]/2/{/in/2) • ^hnh ^ -^h 
Xj^nh {h/ (h n 12)) is a bijection onto X/^ ((/i + l2)/l2) ■ 
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Proof. By Lemma fTTI we have ^ -^2)) = {Xh)hnh- 1^ is easy to see 

that the surjection [■]/2/(/in/2) • {^h)iini2 ~^ {^h)i2 is injective. It is also easy to 
see that {Xh)i, = {X{h + h)) j^- We have {X{h + h)) = Xj,{{h + h)lh) by 
Lemma [1.71 This completes the proof. □ 

Proposition 1.10. By U in Lemma we can consider X/^n/2 ^■^ 0, Hilhert B- 
module. Then the map 

T: Xj^nh {Mh/ihnh)^ M/2/(/in/2)) ^ Y 

is an isomorphism as Hilhert B-modules. 

Proof. Clearly T preserves inner products and right actions. This implies that T 
is isometric. It remains to show that T is surjective. Take {r]i,T]2) € Y. Since 
[■]/i/{/in/2) : ^hnh ^ is surjective, we can find r]' G Xj^nh with ['n']ij{iini2) = Vi- 
Since [V2]ih+i2)/h = [Vi]ih+i2)/h = [V](/i+/2)/(/in/2)> we have 

V2 - [v']i2/ihni2) e ker([-](/^+72)//2) = ^hiih + h)/h)- 
By Lemma [Uni we can find rj" E Xj-^pih {h/ (h H I2)) with 

['n"]i2/{hni2) =Tl2- Vl']i2/{hr\i2)- 
Set Tj = Tj' + Tj" E X/jn/2- We see that 

M/i/{/in/2) = [^']/i/(/in72) + = 
M/2/(/in/2) = [V]/2/(/in72) + Vl"]i2/{hrM2) = V2- 
Therefore T{ri) = (771,772). Thus T is surjective. □ 

Proposition 1.11. Let us define a C* -algebra M. by 

M = {(5'i,S'2) G C{Xj-J ® C{Xi^) I [5'i](/i+/2)//i = [S2](h+i2)/i2 ^ ^i^h+h)}- 
Then the map 

CiXi^nh) 3 S ^ {[S]h/(hni2), ['^]/2/(/in/2)) ^ M. 

is an isomorphism, and its restriction to /C(X/jn/2) ^-^ isomorphism onto the 
C*-subalgebra K, of M. defined by 

{h+l2)/h = [^2](7i+/2)//2 ^ ^i^h+h)}- 

Proof. Take {Si, S2) G A4, and we will define ^'{Si, S2) G £(X/^n/2)- For ^ G X/jn/2' 
we have 

['S'l[^]/l/(/in/2)](/l+-f2)/-fl = ['S'2[^]/2/(/in/2)](/l+/2)/-f2- 

Hence by Proposition II. lUl there exists a unique element rj G X/jn/2 with 

M/i/{/in/2) = 'S'i[^]/i/(/in/2)5 and [?7]/2/(/in/2) = 'S'2[^]/2/{/in/2)- 

We define !Z^'(S'i, 5*2) : Xj^r^h ~^ ^hnh by !^'(S'i, 6*2)^ = 7/ where rj is the unique 
element satisfying the above two equations. It is straightforward to see that 

for every G X/jn/2 using Lemma ITTHl Thus we have ^'{81,82) G £(X/^n/2) for 
all (5*1, 5*2) G A^. It is easy to see that ip'': ^ i2(X/^n/2) is a *-homomorphism, 
and gives the inverse of ^. Hence ClXj-^^h) ^ -M is an isomorphism. 
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Clearly the restriction of ^ on /C(X7^ni'2) injection into /C. We will show 

that this is surjective. By Lemma ll.9t we can see that the restriction of the map 
[■]/2/{/in/2) : ^{Xi^r^h) ^i^h) to 

ker([-]/,/(/,n/2)) = JC{X,,ni,{h/ (h H h))) 

is a bijection onto 

ker([-](,,+,,)/,J = /C(X,,((/i + h)/l2)). 

Take (/ci, /C2) G ^- Since the map [■]ii/{hnh]- ^i^hnh) ~^ ^i^h) is surjective, we 
can find k' G JC^Xij^f^h) with [^']/i/(/in/2) = ^i- Then we see that k2 — [^']/2/(/in/2) ^ 
ker([-](/j+/2)//2). Thus there exists a unique element k" G ker([-]/j/(/^n/2)) ^(-^/in/2) 
with [A;"]/2/(/in/2) = ^2 — [^']/2/(-fin/2)- Now it is easy to see that k = k' + k" E 
/C(X/^n/2) satisfies ^{k) = {ki,k2). We are done. □ 

Corollary 1.12. If S E £(X7jn/2) satisfies 

[S]h/{hni2) ^ ^i^h), ['S']/2/{/in/2) ^ f^i^h), 
then S G JC^Xj-^f^h) ■ 

Proof. Clear by Proposition II .111 □ 

2. C*-CORRESPONDENCES AND REPRESENTATIONS 

Definition 2.1. For a C*-algebra A, we say that X is a C* -correspondence over A 
when X is a Hilbert A- module and a *-homomorphism (fx '■ A jC{X) is given. 

We refer to ipx as the left action of a C*-correspondence X. C*-correspondences 
can be considered as generalizations of automorphisms or endomorphisms. In fact, 
we can associate a C*-correspondence X^ with each endomorphism if as follows. 

Definition 2.2. Let A be a C*-algebra and (p: A ^ Ahe an endomorphism. We 
define a C*-correspondence such that it is isomorphic to A as Banach spaces, 
its inner product is defined by {C,,'r])x = ^*Vy right action is multiplication and left 
action is given by fx^io)^ = V^(a)^. We denote Xjd^ by A, and call it the identity 
correspondence over A. 

Note that the left action (pA of the identity correspondence A gives an isomorphism 
from A to IC{A). 

Definition 2.3. A morphism from a C*-correspondence X over a C*-algebra A to 
a C*-correspondence Y over a C*-algebra i? is a pair (77, T) consisting of a >K-homo- 
morphism U: A ^ B and a linear map T: X ^ F satisfying 

(i) {T{0,T{v))y = n{{^,r^)x) fore,r/GX, 

(ii) <^y(i7(a))T(0 = T{ipxia)^) for a G A, ^ e X. 

A morphism (77, T) is said to be injective if a *-homomorphism U is injective. 

A morphism is called a semicovariant homomorphism in [S]. For a morphism 
(7Z",T) from X to Y, we can see that T{^)n{a) = T(Ca) and ||r(0||y < U\\x for 
a G v4 and ^ G X by the same argument as in |K51 Section 2]. We also see that T 
is isometric for an injective morphism (TT, T). 
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Definition 2.4. For a morphism {11, T) from a C*-correspondence X over A to a 
C*-correspondence Y over we define a *-homomorphism ^(-^) ^(X) by 
•^rfe) = ^T«),T(„) fore,r/eX. 

For the well-definedness of a *-homomorphism see, for example, [ KPWl 
Lemma 2.2]. Note that \I/t is injective for an injective morphism {n,T). The 
following two lemmas are easily verified. 

Lemma 2.5. For a morphism (77, T) /rom a C* - correspondence X over A to a C* - 
correspondence Y over B , we have ^pY{n{a))\l^T{k) = ^T{,Vx{,o)k) and^T{k)T{S,) = 
T(fcO for a e A, ^ e X and k e ic[x). 

Lemma 2.6. Let X, Y , Z he C* -correspondences, and (i7i,Ti), (772, T2) be mor- 

phisms from X to Y and from Y to Z , respectively. Then its composition {112 ° 
III, T2 o Ti) is a morphism from X to Z , and we have ^t2oTi = ° ■ 

Definition 2.7. A representation of a C*-correspondence X over A on a C*-alge- 
bra is a pair (vr,^) consisting of a *-homomorphism ir: A ^ B and a linear map 
t: X B satisfying 

(i) t{0%v) = ^{{C,v)x) foTC,r]eX, 

(ii) 7r(a)t(0 = t{ipx{a)^) for a G A, ^ G X. 

We denote by C*{n, t) the C*-algebra generated by the images of vr and t in B. We 
define a *-homomorphism -04: /C(X) — > C*(7r,t) by V'tl^'^.r?) = i{iY{v)* ^ C'*(7r,t) 
for ^,r] e X. 

Representations of a C*-correspondence X on a C*-algebra B is nothing but 
morphisms from X to the identity correspondence over B, and we have (pB°ipt = ^t- 
Note that we get Ti{a)ipt{k) = 'ipt{'-Px{o)k) and ipt{k)t{C,) = t{kC,) for k G /C(X), a E A 
and ^ G X. 

Definition 2.8. A representation (vr, t) of X is said to admit a gauge action if 
for each 2; G T, there exists a *-homomorphism (3^'- C*{iT,t) — C*(7r,t) such that 
(3^{7r{a)) = 7r(a) and (3z{t{i)) = zt{^) for all a G A and ^ G X. 

If it exists, such a *-homomorphism is unique and /?: T Aut(C*(7r, t)) is a 
strongly continuous homomorphism. 

3. C*-ALGEBRAS ASSOCIATED WITH C*-CORRESPONDENCES 

Definition 3.1. For a C*-correspondence X over a C*-algebra A, we denote by Tx 
the C*-algebra generated by the universal representation. 

The universal representation can be obtained by taking a direct sum of sufficiently 
many representations. By the universality, we have a surjection Tx — > C*(7r,t) for 
every representation (7r,t) of X. The C*-algebra Tx is too large to reflect the 
informations of X, and so we will take a certain quotient of Tx to get the nice 
C*-algebra Ox- 

Definition 3.2. For an ideal 7 of a C*-algebra A, we define 7-*- C A by 

7^ = {a G A I a6 = for all h G 7}. 

Note that 7-*- is the largest ideal of A satisfying 7 fl 7-*- = 0. 
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Definition 3.3. For a C*-correspondence X over A , we define an ideal Jx of A by 

Tlie ideal Jx is tlie largest ideal to which the restriction of ipx is an injection into 
/C(X). 

Definition 3.4. A representation (vr, t) of X is said to be covariant if we have 
7r(a) = ipt{'^x{(i)) for all a E Jx- 

Definition 3.5. For a C*-correspondence X over a C*-algebra A, the C*-alge- 
bra is defined by Ox = C*{'7ix,tx) where {7ix,tx) is the universal covariant 
representation of X. 

By the universality, for any covariant representation (vr, t) of a C*-correspondence 
X, there exists a *-homomorphism P(7r,t) : —>■ C**(7r, t) such that tt = P{^n^t)°T^x and 
t = P(7r,t) o^x- By the universality, the universal covariant representation (7rx,tx) 
admits a gauge action. We denote it by 7: T r> Ox- When we consider Ox 
as a generalization of crossed products by automorphisms, the gauge action 7 is 
regarded as the dual action of T. If a covariant representation (vr, t) admits a gauge 
action /3, then we have [3^ o P(7r,t) = P(-K,t) ° Iz for each z E T. In |K5t Proposition 
4.11], we saw that the universal covariant representation {t^Xi^x) is injective. The 
following gauge-invariant uniqueness theorem says that two conditions, admitting a 
gauge action and being injective, characterize the universal one {irxitx) among all 
covariant representations. 

Theorem 3.6 (^KS^ Theorem 6.4]). For a covariant representation (7r,t) of a C*- 
correspondence X, the map P(TT,t)- Ox C*{TT,t) is an isomorphism if and only if 
(vr, t) is injective and admits a gauge action. 

In Proposition 17. 141 we see that the universal covariant representation (vrx, tx) is 
the smallest one among injective representations admitting gauge actions. 

Remark 3.7. A morphism {n,T) from a C*-correspondence X to a C*-correspon- 
dence Y gives us a *-homomorphism Tx ^ Ty. This also gives a *-homomorphism 
Ox Oy when the morphism {n,T) is covariant, that is, we have i7(a) G Jy and 
ipy{n{a)) = !Z^T((y9x(a.)) for all a G Jx- We do not use these facts exphcitly. 

4. Invariant ideals 

In this section, we introduce the notion of invariant ideals with respect to C*- 
correspondences. Let us take a C*-correspondence X over a C*-algebra A, and fix 
them until the end of Section |H| 

Definition 4.1. For an ideal / of A, we define X{I),X^^{I) C A by 
X(/) = spaTi {{ri,ipx{a)0 E A \ a E I,^,ri E X}, 
X-\I) = {aEA \ {7],ipx{a)0x e / for all e,r/ G X}. 

Clearly X(J) is an ideal of A. We also see that X"^(/) is an ideal because it is 
the kernel of the composition of ipx and the map [■]/: C{X) — > £(X/). For a C*- 
correspondence X<^ defined from an endomorphism ip: A A, we see that X^(/) is 
the ideal generated by (p{I), and X~^(/) = (p~^{I) for an ideal / of A. It is easy to 
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see that we have X{Ii) C ^(/a) and C ^"^(/a) for two ideals /i,/2 of A 

with /i C h. For an ideal /, we have X{X-^{I)) C / and X-^{X{I)) D I. These 
inclusions are proper in general, because we always have X{I) C span(X, X)x and 
X~^{I) D keiifx- The inclusions 

X{X~\I)) C / nspan(X,X)x, Dl + kenpx 

still can be proper as we will see in Examples 14. HI and 14.121 

Lemma 4.2. For two ideals /i,/2 of A, we have 

x{h n h) c x(/i) n x(/2), x-\h n /a) = ^-^(/i) n x-'ih), 

X{h + /2) = X{h) + X(/2), and X-\h + 3 ^"'(/i) + X-\h). 
Proof. Clear by the definitions. □ 

Both of the two inclusions in Lemma 14.21 can be proper in general (see Examples 
IQand imjl . 

Example 4.3. Let A be C©C©M2(C), and ip: A —> A be an endomorphism defined 
by (y9((A, /i, T)) = (0, 0, diag{A, /i}). This endomorphism gives us a C*-correspon- 
dence X^ over A. Let us define three ideals Ji, I2 and /a of A by Ji = C © © 0, 
/2 = © C © and Jg = © © M2(C). We see that keripx^ = kery? = /s and 
¥P^^(/C(X^)) = A. Hence we get Jx = h + h- We have X{h) = Xih) = h. 
However clearly we have X(/i fl I2) = X(0) = 0. This gives an example of a proper 
inclusion X(/i fl 12) C X(/i) fl X(/2). Since X^^(/3) = A, we have two proper 
inclusions X^^(X(/j)) D Jj + keripx^ for i = 1,2. We see that there exist no non- 
trivial invariant ideals of A (see Definition l4.8|) . and the C*-algebra Ox is isomorphic 
to a simple C*-algebra Mq{C). 

For an increasing family {/„}n6N of ideals of a C*-algebra D, we denote by 
lim„^oo In the ideal of D defined by 

lim 4=11 /„• 

n— >oo ^-^ 

n6N 

Proposition 4.4. Let {/n}neN an increasing family of ideals of A. Then we have 
X(lim„^oo/n) = lim„_ooX(/„). 

Proof. Clear by the definition of X(-). □ 

The analogous statement of Proposition 14.41 for X~^ is not valid as the next 
example shows. 

Example 4.5. Let A = C((0, 1]). We define a C*-correspondence X over A which is 
isomorphic to A as Hilbert A-modules and its left action (fx '■ ^ ~* ^{-^) is defined 
by fx{f) = /(l)idx for f E A. For each n e N, we define an ideal /„ of A by 
In = C((2~", 1]). We have lim^^oo 4 = A. It is not difficult to see that X~^(J„) = 
C((0, 1)) for every n E N. Hence we get lim„^oo X"-'^(/„) = C((0, 1)). However, 
we have X~^(lim„^oo 4) = X^^{A) = A. The C*-algebra Ox is isomorphic to the 
universal C*-algebra generated by a contractive scaling element (see |K6j ) . 

Though we do not have X~^(lim„_,oo 4) = lim„_»oo X~^(4) in general, we can 
prove Proposition 14.71 which suffices for the further investigation. For the proof of 
Proposition 14.71 we need the following general fact. 
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Lemma 4.6. Let D be a C*-algebra, and {/n}neN be an increasing family of ideals 
of D. For each C* -suhalgehra B of D, we have B fl (lim„_+oo In) = linin-+oo(-B H /„). 

Proof. Set loo = lining oo -^n- Clearly we have i? fl /qo D lim„^oo(-B n /„). Take a 
positive element x G -B fl Joo- For e > 0, let : M+ — » M+ be a continuous function 
defined by fs(t) = max{0,t — e}. Then we have ||x — /e(x)|| < e. Since IJneN-^n 
is a dense ideal in I^o, we have /^(x) G UneN-^" (^^^ |Pe| Theorem 5.6.1]). Thus 
X is approximated by elements feix) G -B Pi U„gp^/n = 

UneN(^ n /„). This shows 

X G lim„^oo(-B n In)- Therefore we have B fl (lim„_,oo In) = linin^oo(-B n J„). □ 

Note that Lemma f4. 61 is not valid when /„'s are just C*-subalgebras. 

Proposition 4.7. Let {/„}n6N be an increasing family of ideals of A. For each ideal 
J of A with (px{J) C IC{X), we have J fl X^^(lim„^oo -^n) = liiiin^oo(<^ H (/„)). 

Proof. Set Joo = lim„_+oo -^n- First note that we have 

J n X~\I) = {aeJ\ ^x{a) G /C(X/)} 

for an ideal / of A by Lemma 11.61 Take a G J fl X~^(Joo) and e > 0. It is easy to 
see that /C(X/oo) = lim„^oo A^(-^-^n)- By Lemma we have (px{J) H /C(X/oo) = 
limn-,oo{'^x{J) n /C(X/„)). Since v^x(a) £ Vx{J) H /C(X/oo), we can find n G N and 
G ^px{J) n /C(X/„) such that — ^|| < Then we can find x E J with 

||a;|| < e and ipx{x) = (px{(i) — k. Set j = a — x E J. We have v^x(j) = k E /C(X/„). 
Thus we get j G J fl X~-'^(/„) and ||a — j|| < e. Therefore we get J fl X~^(/oo) C 
limn^ool"^ n The converse inclusion is obvious. □ 

Definition 4.8. An ideal / of A is said to be positively invariant if X{I) C /, 
negatively invariant if Jx H X~^{I) C /, and invariant if / is both positively and 
negatively invariant. 

In many papers such as |KPWj . |FMRj and [S], a positively invariant ideal is called 
X-invariant. It is clear that / is positively invariant if and only if / C X~^(I). It is 
also equivalent to ipx{I)X C XI by Proposition II. 31 Clearly A is an invariant ideal. 
We also see that is invariant because X{0) = and JxnX^^(O) = Junker = 0. 

Proposition 4.9. Let {/n}neN be an increasing family of ideals of A. If In is 
positively invariant (resp. negatively invariant, invariant), then lim„^oo -^n also. 

Proof. Clear by Proposition 14.41 and Proposition 14.71 □ 

Proposition 4.10. If two ideals /i,/2 are positively invariant, then their intersec- 
tion Ii n I2 is also positively invariant. The same is true for negative invariance. 

Proof. Clear by Lemma [4.21 □ 

Corollary 4.11. The intersection of two invariant ideals is invariant. 

By Lemma 14.21 we see that if two ideals /i,/2 are positively invariant, then so 
is their sum Ji + l2- However, the sum of two negatively invariant ideals need not 
be negatively invariant. Moreover, the sum of two invariant ideals can fail to be 
negatively invariant as we will see in the next example. 
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Example 4.12. Let A be C © C © C, andX be C © C which is a Hilbert A-module 
by the operations ((6, m), (6, ^2))x = (^i6,^^2,0) and {^,r]){X, fi,u) = {^\,rifi). 
We define a left action ipx- A jC^X) by ipx{{X, = z^idx- We define three 

ideals Ji, Js and J3 of A by Ji = C © © 0, Is = © C © and J3 = © © C. 
We have Jx = An easy computation shows that X[Ii) = X{l2) = and 
X~^{Ii) = X^^{l2) = Ii + /2- Thus both Ji and I2 are invariant ideals. However we 
have + = and X~^{Ii + I2) = A. Thus Ji + I2 is positively invariant, but 
not negatively invariant. We also have proper inclusions 

A = X-\h + l2) D X~\h)+X'\l2) = h + h 
= X{X~\h)) C /inspan(X,X)x = h (i = l,2). 

We have Ox = M2(C)©M2(C), and two non-trivial invariant ideals Ji, I2 correspond 
to the two non-trivial ideals of Ox- 

Definition 4.13. Let us take an ideal / of A. We define ideals X"(J) for ri G N by 
X%I) = I and = X(X"(J)). We also define ideals X_„(/) forn G N by 

Xo(/) = /, =I + Jxn X-\I) and = for n>l. 

Note that we have / C X_i(/), hence X_„(/) C X_(„+i)(/) for every n G N 

Definition 4.14. For an ideal / of A, we define ideals X°°(/), X_oo(/) and X^^(/) 
of A by 

00 k 
n=0 n=0 

and X!<^^(/)=X_oo(X°°(/)). 
Lemma 4.15. // an ideal I is positively invariant, so are X-n{I) for n G NU {00}. 
Proof. Let us take a positively invariant ideal /. From 

x_i(/) = / + Jx n x-\i) c x-i(/) c x-i(x_i(/)) 

we see that X_i(/) is positively invariant. By using this fact, we can prove induc- 
tively that X_n{I) is positively invariant for all n G N. Finally X_oo(/) is positively 
invariant by Proposition 14.91 □ 

Proposition 4.16. For an ideal I of A, the ideal X°°{I) (resp. X„oo(/), X^^(/); 

is the smallest positively invariant (resp. negatively invariant, invariant) ideal con- 
taining I . 

Proof. For each /c G N, we have 

(k \ k 

^X"(/)J = ^X"+^(/) C X°°(/). 
n=0 ^ n=0 

Hence by Proposition we have X(X°°(/)) C X°°(/). Thus X°°(/) is positively 
invariant. If /' is a positively invariant ideal containing J, then we can prove induc- 
tively X"(/) C /' for all n en. Hence we have X°°(/) C Thus X°°(J) is the 
smallest positively invariant ideal containing /. 

For each G N, we have Jx n X~^(X„„(J)) C X_(„+i)(/) C X_oo(/). Hence by 
Proposition U]71 we have nX~^(X_oo(-^)) C X_oo(-^)- Thus X_oo(/) is negatively 
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invariant. If /' is a negatively invariant ideal containing /, then we can prove 
inductively X_„(J) C /' for all n G N. Hence we have X_oo(-^) C /'. Thus X_oo(-^) 
is the smallest negatively invariant ideal containing J. 

Combining the above argument with Lemma l4.15t we see that X^(/) is the 
smallest invariant ideal containing I. □ 

5. T-PAIRS AND 0-PAIRS 

In this section, we introduce the notion of T-pairs and 0-pairs of the C*-corre- 
spondence X over A. These are related to representations of X. 

Definition 5.1. For an ideal / of A, we define an ideal J(/) of A by 

J(/) = {a G A I [^x{a)]i G /C(X,), aX-\l) C /}. 

For a positively invariant ideal J, we can define a map ipxj '■ A/ 1 j^{Xi) so that 
^Xi{[tt]i) = [v^x(«)]j because a E I implies = 0. Thus in this case, Xj 

is a C*-correspondence over A/ 1. It is clear that the pair ([■]/, [■]/) of the quotient 
maps A A/I and X — > Xj is a morphism from X to Xj. 

Lemma 5.2. For a positively invariant ideal I, we have X^^{I) = [-jj^^ikenpxj), 
J{I) = [y^Jx,) and X-\I) n J(/) = /. 

Proof. We have 

X'^{I) = ker([-]7 o ipx) = ker(v9x^ o = [■]i'^{kenpxi)- 

We also see that G /C(X/) if and only if {pxi{[a]i) G /C(X/). Since X^^{I) = 

[■]i~'^{kenpxi), the condition aX~^{I) C / for a G A is equivalent to [a]jkeT ipxi = 0. 
Hence a G J {I) if and only if 

H, G ^x]{K^iXi)) n (ker^x,)^ = Jx,- 

Thus we get J(/) = [■]/^^(Jxj)- Finally we have 

x-\i) n J{i) = [-h-'ikeTipx, n JxJ = ^/"'(o) = /. 

□ 

Note that Lemma 15.21 implies that X^^{I)/I = kery^Xj and J{I)/I = Jxj for a 
positively invariant ideal /. Note also that X~^{0) = kenpx and J(0) = Jx- 

Proposition 5.3. An ideal I is negatively invariant if and only if Jx C J{I)- 

Proof. For a G Jx, we have (px{ci) ^ /C(X). Hence [v^xlo-)]/ G IC{Xj). Thus 
Jx C J(/) if and only if JxX^^{I) C /. This is equivalent to the negative invariance 
of / because JxX-\I) = Jx n X-\I). □ 

Note that Ji C I2 need not imply C J{l2) in general as the following example 
shows. 

Example 5.4 (cf. Example 14. 12p . Let A = C^he the C*-algebra generated by three 
mutually orthogonal projections po,pi and p2. Let X be the £°°-direct sum of two 
Hilbert spaces C, whose base is denoted by sq, and £^(N), whose base is denoted 
by {sfc}^]^. We define an inner product {■,-)x- X x X — >• yl by {sq,sq)x = Po, 
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{sk, Sk)x = Pi for k = 1,2, . . ., and {sk, si)x = for A; 7^ /. The right action of A on 
X is defined by 

{So ioi k = i = 0, 
Sk foTk>l,i = l, 
otherwise. 

Then X becomes a Hilbert A-module. We define a left action cpx'- A —>■ C{X) by 
'^x{Po) = '^x{Pi) = 0, and (px{P2) = idx- Now we get a C*-correspondence X 
over A. This C*-correspondence is defined from the folfowing graph (or its opposite 
graph) ; 

ei 



(see |K2j ). Let us define ideals of A by 

Jo = Cpo, h = Cpi, Iqi = Cpo + Cpi and lu = Cpi + Cp2. 

Since her (fx = fx^i^i^)) = hi, we have Jx = 0. Hence all ideals are negatively 
invariant. Since X{Ii) = X(/oi) = 0, both Ji and Jqi are invariant. By straight- 
forward computation, we get J(/i) = I12 and J(/oi) = Iqi- Thus two ideals h, Iqi 
satisfy that Ji C /qi and J(/i) <^ J{Ioi)- We can see that Ox is isomorphic to 
the direct sum of M2(C) and the unitization K of the C*-algebra K of compact 
operators on £^(N). There exist six 0-pairs (see Definition I5.12|) which correspond 
to six ideals of Ox = M2(C) © K; 

(0,0) C (/i,/i) C (/i,/i2) C K C K 

n n n n n n 

(/o,/o) C (/oi,/oi) C (A, A) M2(C) C M2{C)®K c Ox- 

This example also shows that J(/i fl I2) C J{Ii) H J^h) does not hold in general 
for two ideals Ji, I2 of A. However, the converse inclusion J(/i) fl J^h) C J(/i fl I2) 
always holds. 

Proposition 5.5. For two ideals /i,/2 of A, we have J{Ii) H J{l2) C J(/i fl 12). 

Proof. Take a G t/(/i) H J^h)- Since [v9x(a)]/i G /C(X/J and [v9x(c)]/2 ^ ^(-^/2)5 
we have [v9x(a)]/in/2 ^ by Corollary [TTl We get aX'^^h n h) C hnh 

from 

aX-^(/i n I2) C aX-^(/i) C h, aX'^h H 12) C aX'^h) C /2. 
Hence a G J(/i H 12). Thus we have J(/i) n J(/2) C J(/i H 12). □ 

Definition 5.6. Let X be a C*-correspondence over a C*-algebra A. A T-pair of 
X is a pair u = {I, I') of ideals I, I' of A such that I is positively invariant and 
/ C /' C J(/). 

Definition 5.7. Let ui = (Ji, /[) and uj2 = {I2, 12) be T-pairs. We write Ui C uj2 if 
Ji C /2 and I[ C Jg. We denote by Ui n u;2 the pair (Ji n /2, 1[ n 12). 

Proposition 5.8. For two T-pairs ui = {Ii,I[),uj2 = {12,12,), their intersection 
L^i n u;2 = (/i n I2, 1'l n /j) is a T-pair. 
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Proof. By Proposition 14.101 Ji fl /2 is a positively invariant ideal. By Proposition 
15.51 we have 

/i n /2 c n c J(/i) n J{h) c J{h n h). 

Hence ui fl u;2 is a T-pair. □ 

T-pairs arise from representations. 
Definition 5.9. For a representation (vr,t) of X, we define /(^r,*) , /[^ ^) C A by 

J(.,t)=ker7r, = tt-^ (^,(/C(X))) . 

The pair {l(7r,t), I[^^t)) is denoted by c^(^,j). 

Clearly I{n,t) is an ideal of A. By the remark before Definition 12. 8[ we see that 
J^'^ is also an ideal of A. 

Lemma 5.10. For a representation (vr, t) of a C* -correspondence X over a C* -al- 
gebra A, we have the following. 

(i) I(-K,t) is positively invariant. 

(ii) kert = X/(^^j). 

(iii) There exists an infective representation (tt, t) of the C* -correspondence Xj^^ 
on C*{TC,t) such that (vr,^) = (tt o [•]/(^ ,),io 

(iv) a G /('^^^) impUes G /C(X7(^_^,) and 7r(a) = 

(v) For an element a & A with (px{ci) G }C{X), we have 7r(a) = ipt^ipxia)) if and 
only if ae . 

Proof. (i) For a G and ^,r] E X, we have {r],ipx{ci)Ox ^ -^(tt,*) because 
vr((r/,^x(a)e)x) = = i(^)*vr(a)t(0 = 0. 

Hence X(/(7r,t)) C /(tt,*)- Thus J(^,t) is positively invariant. 

(ii) For ^ G X, we have 

e G kert ^ t(0 = ^ t{0*m = 

(iii) Obvious by the definition of and (ii). 

(iv) Since a G -^(7^4); we can find /c G /C(X) with 7r(a) = ipt{k). For ,^ G X, we 
have 

t(v9x(a)0 = vr(a)t(0 = ^4(fc)t(0 = t(A;0- 
Hence (y9x(a.) — A;)^ G kert = XJ(^t) for all ^ G X. This implies that 
= {k]i^.,t) e ''C(X7,^_^j) and 

7r(a) = ^/'((A;) = ^^([A;]/^^^,)) = ^i(bx(a)]/(,,,)). 

(v) If 7r(a) = ilJt{ipx{a)), then a G /[^ j). For a G /(^^^^ with (px{a) ^ AC(X), we 
have 7r(a) = ^i(bx(a)]/(, ,)) = M'Pxia)) by (iv). 

□ 

Proposition 5.11. For a representation (7r,t) of X , the pair uj[Tr,t) is a T-pair. 
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Proof. By Lemma 15.101 (i), I{n,t) is positively invariant. Clearly we have I{n,t) C 
I[^iy Take a G -^(Trt)- We have [v?x(o)]/(^ € Ai;(X/^^^j) by Lemma 15.101 fiv). Take 
b G Since ab G -^(Vt)) '^e have 7i{ab) = "^i ([v^Js:(a&)]/(^ t,) by Lemma 15. 101 

(iv). We see [{px{ab)]i^^ = because ab G X^-'^(/(jr,t)). Hence 7r(a6) = 0. Thus 
we get ab G kerTr = /(tt,*)- This shows a G J(/(7r,t)). Hence we get /^'^^^ C J(/(^^t)). 
Thus = (/(7r,t),/(^,t)) is a T-pair. □ 

We will see that every T-pairs come from representations (Proposition 16. 12|) . By 
the same way of the proof of Proposition 15.111 we can see that for a morphism 
(77, T) from a C*-correspondence X to a C*- correspondence Y, the pair uj(n,T) = 
{l{n,T)J[n,T)) defined by 

^n,T) = keriJ, /('^^^) = {^y o il)-^ (>P't(/C(X))) 

is a T-pair. 

Definition 5.12. A T-pair uj = {1,1') satisfying Jx C /' is called an 0-pair. 

It is clear that the intersection uji fl 002 of two 0-pairs uJi, uj2 is an 0-pair. 

Lemma 5.13. A pair uj = {1,1') of ideals of A is an 0-pair if and only if I is 
invariant and I + Jx C I' G J{I)- 

Proof. For an 0-pair oj = {!,!'), we have I + Jx C I' C J{I). Thus we get 
Jx C J{I)- Now Proposition 15.31 implies that I is negatively invariant. Therefore / 
is an invariant ideal. The converse is obvious. □ 

For a C**-correspondence X = Cd{E^) arising from a topological graph E, an O- 
pair (J, J') is in the form {Cq{E^ \ X^), Co{E^ \ Z)) where {X^, Z) is an admissible 
pair of closed sets of E^ defined in [K3 . 

Proposition 5.14. A representation (vr,t) is covariant if and only if the pair U(^T,^t) 
is an 0-pair. 

Proof. If (7r,t) is covariant, then clearly Jx C -^(^j)- Thus uj(^.„^t) is an 0-pair. Con- 
versely, if t^(7r,t) is an 0-pair, then for a E Jx C. -^(^t)' have 7r(a) = %lJt{^x{o)) by 
Lemma (5. 101 (v). Hence (vr,t) is covariant. □ 

By Proposition I5.14( we have (^(jr.i) = (0, Jx) for all injective covariant represen- 
tations (tt, t). 



6. C'*-CORRESPONDENCES ASSOCIATED WITH T-PAIRS 

Take a T-pair uj = {I, F) of X and fix it throughout this section. In this section, we 
construct a 0*-algebra A^^, a C'*-correspondence X^ over A^^ and a representation 
{'^uj,tuj) of X on the 0*-algebra Ox^- In the next section, we will see that this 
representation {7iuj,t^) has a universal property. 
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(AX) 
([■]/,[•]/) 




(i7,r) 
(A//,X,) 




Definition 6.1. For a T-pair uj = {1,1') of a C*- correspondence X over A, we 
define a C*-algebra and a Hilbert A^-module by 

= {(6,6') G A/I®A/I' I [6]j(,)/, = [6']j(,)/,, e A/J(J)}, 
= {(r/, V) e ©Xr I [r/]j(7)/7 = [v']jii)/i' e Xj(7)}, 

where the operations are defined as in Section [T] 

Note that A^ is a pull-back C*-algebra of two surjections : A// A/ J(/) 

and A//' ^ A/J(/). 

Definition 6.2. We define a *-homomorphism ^i^: C{Xj) —>■ £(X^) by 

^US){V,V') = {SV, [S]i'/iv')^X^ 
for S G C{Xi) and (r/,V) e X^. 

Definition 6.3. We define a left action ipx^ '■ A^ jC^X^) by 

for (6,6') G A^. Thus X^ is a C*-correspondence over A^^. 
Definition 6.4. We set 

n^:A/l3b^ (6, [6],,/,) G A^, T^:Xi3 7]^ {r], [r]]r/j) G X,. 

Lemma 6.5. We have (fx^ ° = o i^Xi, and T^{Sr]) = ^^{S)T^{vi) for S G 
C{Xi) and 7] G X/. 

Proof. Clear by the definitions. □ 

From this lemma, we easily get the following. 

Proposition 6.6. The pair [II^^^T^) is an injective morphism from Xj to X^, and 
the map '■ ^(-^/) K^i^uj) coincides with the restriction of^^^ to K,{Xi). 

The next proposition is also easy to see from the definitions. 

Proposition 6.7. For a T-pair uj = {1,1') with I' = J{I), the morphism {n^,Ti^) 
from X/ to X^ is an isomorphism. 

To compute Jx„ C Ai^, we need the following lemma. 

Lemma 6.8. A pair {n,T) of maps defined by 

77: A^ 3 {b,b') ^ 6 G A/I, T: X^ 3 {r],v') ^V^Xj, 

is a morphism from X^^ to Xj satisfying 11 o 77^^ = id^// and T o T^ = idx^. A *- 
homomorphism \1/ : C{Xi^) 3S\-^ToSoTi^E '^{Xi) satisfies that I^ o\l/^^ = idc{Xi) 
and the restriction ofSl^ to /C(X^) coincides with I^t- K,{X^) — >• /C(X/). 
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Proof. It is clear that (77, T) is a morphism satisfying U o = id^// and T oT^ = 
idxj- By Lemma [6.51 we have 

^{^^{S))r^ = T{^^{S)TM) = T{T^{Sr])) = Sr], 

for 5* G C{Xj) and r] G Xj. This proves ip' o = id£(Xj). For {r]i, r][), {r]2, r^s) ^ -^^^ 
and G Xj, we have 

= r((r/i(r/2,r/)x,,Vi(r/2, 

Hence we have ^{0(r]i,r}[),{r]2,ri2)) ~ ^vi,V2- This shows that the restriction of \P to 
/C(X^) coincides with '^t': IC{X^) IC{Xi). □ 

Proposition 6.9. We have 

kerv^x^ = {ib,b') G | 6 G keryj^,}, 
^xli^iX^)) = {ib,b')eA^ \bev-^]{IC{Xj))}, 
Jx^ = {{b,b')eA^ I beJx,, b' = 0}. 

Proof. Since \1/ o\l/^ = id£(Xj) by Lemma IHIHl we have \P(^Lpx^i(b,b'))) = f^Xjib) for 
{b,b') G A^. Hence for (6, &') G A^, we have that {px^{{b,b'j) = if and only if 
^Xi{b) = 0. This proves the first equality. The second one follows similarly because 
we have ^^{lC{Xj)) C /C(X^) and ^{IC{X^)) C /C(Xj). We will prove the third 
equality. It is easy to see that for b G Jxj, we have 

(6,0) G ^xli^^iX^)) n (ker^xj^ = Jx^. 

Take (&,&') G Jx^, and we will prove that b G Jxj and b' = 0. Since ((&,&')) ^ 
/C(Xi^), we have ^Xjib) G /C(X7). For any 6o ^ kery^Xj C v4//, we have i7a;(6o) = 
(^0; [^o]/'//) £ ker 9?jjf„. Hence (6, b'){bo, [bo]i'/i) = 0. This implies that b G (ker (y^xJ)"'"• 
Hence b G Jxj- Since Jxj = J{.I)/I by Lemma we have = = 0. 
Hence (0,6'*) G A^^. Since (0,6'*) G kery^x^^, we have (6, 6')(0, 6'*) = 0. This implies 
b' = 0. Thus we get Jx^ = {{b, b') e A^ \ b e Jxr, b' = 0}. □ 

Note that we have Jx^ = {(6,6') G | 6' = 0} because for 6 G A/J we have 
(6, 0) G Ai^ if and only if 6 G Jxj- 

Definition 6.10. We define a *-homomorphism -n^^: A C>x^ and a linear map 
t^:X^Ox^hy 

7iM = vrx.(i7.([a],)), = tx^{TMi)) 

for a G A and ^ G X, where (vrx„,tx„) is the universal covariant representation of 
the C*-correspondence on Ox^- 

Proposition 6.11. The pair {tt^^, t^) is a representation of X on Ox^, which admits 
a gauge action and satisfies C*{'K^,t^) = Ox^- 
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Proof. Since {TT^,t^) is a composition of morphisms, it is a representation. Clearly 
the gauge action of Ox^ gives a gauge action for the representation (vr^, t^^). We will 
prove C*{n^,ti^) = Ox^- Since Ox^ is generated by the images of ttx^ and tx^, it 
suffices to show that 

TTxA^^),tx^iX^) C C*{TT^,t^). 

Take {b,b') E A^. Choose a E A with [a]r = b'. We have b - [a]j E J {I) /I = Jxj 
because = [b']j{i)/i' = Hj{/). Thus we have ^Xjip — [a]/) E lC{Xi). Hence 

there exists k E IC{X) such that [k]i = (pxi{b — [a]i). Since (6 — [a]/,0) E Jx„ by 
Proposition we have 

TTx^ {{b - [a]j, 0)) = V^,,^ {^x^ {{b - [a]j, 0))) 

Therefore we get 

((&, b')) = TTx^ {{[a]j, [a]p)) + ttx^ {{b - [a]i, 0)) 
= TiM+i^t^k) E C*{n^,t^). 

Thus we have shown that nx^{A^) C C*(7r^,tt^). 

Take {rj,rj') E X^. Choose ^ E X with [^]// = 77'. Similarly as above, we get 
Tj — E XjJxj- Choose ^' E X and b E Jxj with t] — = [C,']ib. Then we have 
iv - [e]/,0) = T^{[^']i){b,0). Hence we get 

= C(0 + tM>x^ {{b, 0)) E C*(7r^, C), 
because vrx^((&, 0)) E C*{7i^,tui) as shown above. This completes the proof. □ 
Proposition 6.12. For a T-pairu = {1,1'), we have ^{^^,1^) = ^■ 
Proof. Since the maps 11^^ : Aj A^ and hx^ '■ A^ — > Ox^ are injective, we have 

h^^M = kerTT^ = ker([-]/) = /. 

For a E I', we have [a]i E I' / 1 C J(/)// = Jxj- Since i7tj([a]/) = ([a]/,0) E Jxi, 
we have 

T^M = 7rx^{n^{[a]i)) =i^tx^{^x^{{[a]i,0))). 
We see ^Xi{[o]i) E /C(X/) from [a]i E Jxr Hence by the definition of ipx^ we get 

^x„((H/,o)) = ^T^{^xA[<Ai)) e ^T^{iC{Xi)). 

Since /C(X/) = [/C(X)]/, we have 

Hence a E I', , ^. We have shown that I' G I', , x. Conversely take a E I', , n. 
Since 
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we have i7^([a]/) G Jx^- Hence by Proposition 16.91 we have [a]// = 0. This means 
a & I'. Thus we get li , x C /'. Therefore li , ^ = I'. We have shown that 

By Proposition I(j.l2| we see that every T-pairs come from representations. 



7. C*-ALGEBRAS GENERATED BY REPRESENTATIONS OF C*-CORRESPONDENCES 

In this section, we prove the following theorem. 

Theorem 7.1. Let X he a C* -correspondence over a C* -algebra A, and {TT,t) be 
a representation of X. If a T-pair u of X satisfies u C ojij^^t), then there exists a 
unique surjective *-homomorphism p: Ox^ C*{7!',t) such that vr = p o tt^^ and 
t = p o t^. The surjection p is an isomorphism if and only if u = uj{-w^t) one? (7r,t) 
admits a gauge action. 

Take a representation (tt, t) of a C*-correspondence X and a T-pair uj = (/, /') 
of X satisfying u C W(^^t). In order to get a *-homomorphism p: Ox^ C*{'^,t), 
we will construct a covariant representation {tt, t) of the C*-correspondence X^ on 
C*{TT,t). Since / C I{n,t) = kervr, we can define a representation (tt, t) of a C*- 
correspondence Xj over A/I on C*{7c,t) such that 7r([a]/) = 7r(a) for a & A and 
= t(^) for ^ G X as in Lemma 15. 101 fiii). It is easy to see that /(^^) = I{nt)/I 



and I',. 

{■K,t) 



{A,X) 




Definition 7.2. Let {b,b') G A^. Take d G A/I with [d]r/i = b'. Define 7f((6,6')) G 
C*(7r,t) by 

Note that this definition makes sense because b — d E J {I) /I = Jxj implies 
fXi{b — d) E }C{Xj). Note also that 7r((6, 6')) G C*{7i,t) does not depend on the 
choice of d E A/I with [d]j//j = b' because we have 7r(di — ^2) = ilJi{}pxi{di — ^2)) 
if d^-d^E r/I C /[^ ,)// = /;. by Lemma Eini (v). 

Lemma 7.3. The map tt: C*{TT,t) is a *-homomorphism. 



Proof. It is obvious that tt is a *-preserving linear map. We will show vf is multiplica- 
tive. Take (61, fe'J, (62, ^2) ^ ^<^- Take di,d2 E A/I with [c/i]//// = 6'^^, [^2]/'// 
Since 



7r(rf)^/'i((^x,(&)) = i)i{^>x,[db)) 
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ioT d & A/I and b G J {I) /I = Jxj, we have 

= {n{di) + Mvxjibi - di))) (71(^2) + MvxAb2 - ^2))) 

= n{did2) + iJi{ipxj{di{b2 - ^2) + (61 - di)d2 + (61 - di){b2 - 6^2)) ) 

= 7r{did2) + iJi{ipxjibib2 - c/i^)) 

= 7r((6i62,&'i&2)) 

= mb^,b[){b2,b',)). 

Hence tt is a *-homomorphism. □ 

Proposition 7.4. The map tt: A^^ C*(7r,t) is injective if and only if uj = ix'(7r,j). 

Proof. Suppose that n is injective. For a G /(tt,*), we have ([a]/, [a]//) G and 

vf (([a]/, [a]//)) = 7r([a]/) = 7r(a) = 0. 

Hence ([a]/, = 0. This imphes a E I. Thus we get /(^^t) = /. For a G -^(^t), we 
have [a]/ G I[^^t)l^ ^ J{I{-K,t))/I = J{I)/I- Hence we get (0, [a]//) G A^. We also 
get '^Xi{[a]i) G }C{Xj). Since [a]/ G /(^^f)// = /[^ we have 

^((0, [a]j,)) = 7r{[a]i) - ^i{ipxAW) = 0, 

by Lemma f5. 101 (v). Since tt is injective, we have (0, [a]/') = 0. This imphes a G /'. 
Thus we get I'^^^^ = I'. Therefore if tt is injective, then u = co'(,r,t)- 

Conversely assume u = uj(^T^^t) ■ Take (6, b') G A^ with 7r((6, b')) = 0. Take de A/I 
with [c?]//// = 6'. Then we have ii^d) = ipi^ipxAd — b)). Hence d G /|^^-)// = I' /I. 
Therefore we have b' = 0. We also have ipi^ipxiib)) = 0. Since / = /(jr,*), the map t 
is injective. Hence ipi is also injective. Therefore we have b G ker (fxj- We also have 
b G J {I) /I = Jxi because = [b']j(i)/i' = 0. Hence 6 = 0. We have proved 

that TT is injective. □ 

Definition 7.5. Let ( G XjJxj- Take 7] E Xj and 6 G Jxj such that C = ''76- We 
define t(C) = t(r/)^i(<^x,(6)) G C*(7r,t). 

Lemma 7.6. T/ie map i: XiJxj C*{TT,t) is a well-defined linear map satisfying 
that i{ri)%C) = M^x{{v,Oxj)) for all C E XjJx, and rj G Xj, and t(Ci)*i(C2) = 
^i{vxj{{CiX2)xi)) for all C1X2 e XiJxj- 

Proof Take ?7i, r72 e X/, 61, 62 e Jxj, and define (1,(2 e XjJxj by Ci = ^?i&i,C2 = 
77262- We have 

i{rii)*i{r]2)'^i{fXr{b2)) = TT{{r]i,r]2)xj)'ipi{fXj{b2)) 

= '^i{fXi{{Vl,V2)xib2)) 
= '4^i{VXr{{Vl,C2)xj))- 

Similar computation shows that 

(t(r/i)^t(¥^x,(6i)))*(i(r/2)V^i(¥^x,(&2))) = V^t(¥'x,((Ci,C2)xJ). 
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For ( G XjJxj, take r]i,r]2 G Xj and &i,fo2 ^ -^X/ such that ( = rjibi = r72&2- Set 
X = t{rji)ipi{ipxi{pi)) — t{rj2)ipi{v Xi{p2)) G C*(7r,t). We have x*x = because for 

(t(C)^,(^x,(&.)))*(t(0)^t(^x,(&,))) = MvxAiCOx,)). 

This shows t is well-defined. We can check the linearity of t in a similar fashion. 
The two equalities in the statement had been already checked. □ 

Lemma 7.7. We have 

nmo = t(^x,(&)c), i^iimc) = m), 

for b G A/ 1, k G IC{Xj), and ( G XjJx,- 

Proof. Take rj G Xj and d G Jxi with ( = rjd. Then we have 

= i{^Xi{b)ri)^i{VXi{d)) = i{kri)i)i{^xM)) 

= t{iipxAb)v)d) =t{{kri)d) 

= %x,(&)c), =m)- 

□ 

Lemma 7.8. For ( G Xi{r/I), we have t(C) = t(C)- 

Proof. Choose 7] G Xj and 6 G /'// C J{I)/I = Jxj such that C = V^- Since 
6 G /'// C = -^[^ we have 7r(6) = ipi{ipxi{b)) by Lemma IB. 101 (v). Hence, 

we get 

^10 = K^m^x.m = iivHb) = K^b) = iic). 

□ 

Definition 7.9. Let (77,77') G X^. Take C ^ ^/ such that [C]i'/i = v' ■ Define 
i{{v,v')) eC*in,t) by 

%,^'))=i(C)+t(^-C)eC*(7r,t). 

Note that rj — ( E XjJxj and that i: X^ C*{n,t) is a well-defined linear map 
by Lemma EH 

Proposition 7.10. The pair (tt, t) is a representation of the C* -correspondence 
on C*{tt, t) such that tt = 7? o 77^ and t = t oT^^. 

Proof. It is easy to see that tt = tt o 77^ and t = t o T^. We will check that the 
pair (tt , t) satisfies the two conditions in Definition 12.71 Take (r/i,r/^), (772,772) G X^^. 
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Choose Ci;C2 £ with [Ci]/'// = v'l^ [C2]/'// = V2- Lemma FTBl we have 

= (i(Ci) + iiVi - Ci)Y{m + i{V2 - C2)) 
=^((Ci,C2)x,) 

+ 'ipi{Vx{{Cl,V2 - C2)xr + {Vl - (1X2) Xr + {Vl " Cl,^2 - C2)x,)) 

=7i-((Ci,C2)x,) +^i{¥>x{{VuV2)xi - (Cl,C2)xj) 

=T^{{{Vl,V2)xi, {v'l,V2)xj)) 
=T^{{iVl,V'l),iV2,V'2))xJ- 

This proves the condition (i) in Definition 12.71 We will check the condition (ii). 
Take (6, b') G and (r/, t]') G X^. Choose d E A/I and C G X/ with [rf]//// = b' and 
[C]/'// = By Lemma EH we have 

mb,b'))i{iv,v')) 

= {7r{d) + M^xAb - d))) (i(C) + - 0) 
=7rid)i{0 + ij.i^xAb - d))m 

+ 7r{d)i{r] - C) + ^ii^xAb - dMr] - Q 

=i{^xAd)0 + KvxAb - ^^)C) + i{VxAd){v - 0) + iiVxAb -d)ir]-C)) 

=ii^xAb)C)+iiVxAb){v-C))- 
On the other hand, we have 

fx^{{b,b')){ri,r]') = {ifxjib)r], [<^x,(&)]/'/7V) = {fxMv, bx,(&)C]/'A)- 
Hence we get 

i{vx^{{b,b')){v,v')) =i{vxAbK) +i{vxAb){v - ())■ 
Thus we have li [J^b,b')^i{{rj,rj')) = i(^(px^{ib,b')){ri,ri')y We are done. □ 

Proposition 7.11. The representation {Tc,t) is covariant. 

Proof. Take (b,0) G Jx^- By definition, we have 7f((6, 0)) = ipii^ipxiip)). Since 
V5x^((^0)) = ^T^VxAb)), we have 

M^xAibM) = i'li^TS^xAb))) = ^loT^VxAb)) = ^ii^xAb))- 

Hence we get 7r((6, 0)) = '?/'t(v^x„((^) 0))) for every element 0) G Jx^- This com- 
pletes the proof. □ 

Lemma 7.12. The representation {TT,t) of is injective if and only if 00 = Ci^(7r,t)- 
It admits a gauge action if and only if so does {it, t) . 

Proof. The first assertion follows from Proposition 17.41 If a representation (vr, t) 
admits a gauge action /3, then f3 is also a gauge action for the representation (tt , t) 
because f3z{ipt{k)) = ipt{k) for all k G K,{X) and z eT. The converse is obvious. □ 

Now we are ready to prove the main theorem of this section. 
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Proof of Theorem \7 . 1\ Define p = p(j,f)'- Ox^ C*{TT,t). Since n = n o JJ^ and 
i = t o T^, we have n = p o and t = p o t^. This imphes that p is surjective. 
The uniqueness follows from C*(7r^,t^) = Ox^ which was proved in Proposition 
16.111 Finally by Lemma 17.121 and Theorem 13. 6| p is an isomorphism if and only if 

u = cij(^^t) and (vr, t) admits a gauge action. □ 

Corollary 7.13. Let X be a C* -correspondence over a C* -algebra A and [rCji) be 
a representation of X which admits a gauge action. Then the C* -algebra C*{7T,t) is 
naturally isomorphic to the C* -algebra Ox^^ 

We finish this section by the next result, which gives a characterization of the 
C*-algebra Ox without using Jx and the notion of covariance. 

Proposition 7.14. If a representation {7r,t) is injective and admits a gauge action, 
then there exists a surjection p: C*(7r, t) — > Ox with ttx = p o tt and tx = p o t. 

Proof. Set oj = uj^T^^t) = (-^(jt,*), -^(tt *))• Since (vr,t) is injective, we have 1(7^,4) = 
and /('^^-) C J(0) = Jx- Hence we get u C (0, Jx) = ^inx,tx)- Thus by Theorem 
17.11 there exists a surjective *-homomorphism p: Ox^ — ^ Ox with ttx = P ° '^ui and 
tx = pot^. Since (7r,t) admits a gauge action, the C*-algebra C*(7r,t) is isomorphic 
to Ox^ by Corollarv l7.13[ This completes the proof. □ 

By Proposition 17.141 we can define Ox to be the smallest C*-algebra among 
C*-algebras generated by injective representations admitting gauge actions. Now 
Theorem 13.61 tells us that the covariance of representations characterizes the repre- 
sentation {nxitx) among injective representations admitting gauge actions. 

8. Structure of gauge-invariant ideals of Ox 

We say that an ideal of Ox is gauge-invariant if it is globally invariant under the 
gauge action 7. In this section, we analyze structure of gauge-invariant ideals of 
Ox. 

Definition 8.1. For an ideal P of Ox^ we define Jp, I'p d Ahj 

T^xilp) = T^xiA) n P, Ttxilp) = TTxiA) H (P + ^i^(/C(X))). 

We set Up = {Ip, I'p). 

Proposition 8.2. For an ideal P of Ox, denote by ap a natural surjection from 
Ox to Ox/ P- Then we have up = uj(^^po-Kx,(rpotx)- Hence up is an 0-pair. 

Proof. Clear by the definitions. □ 

Definition 8.3. Let uj be an 0-pair of X. The representation (7rt^,ti^) of X on 
Ox^ is covariant by Proposition 15.141 and Proposition 16.121 Hence there exists a 
surjection p(^^,t^): Ox Ox^- We define P^ = kerp(^^,4^). 

Lemma 8.4. For an 0-pair uj, the ideal P^ of Ox is gauge-invariant and satisfies 
uip^ =00. 

Proof. Clear by the definitions. □ 

Proposition 8.5. For a gauge-invariant ideal P of Ox, we have P = P^^p and 
Ox/P=Ox^p. 
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Proof. If P is gauge-invariant, the representation (ap o tt^, crp o tx) admits a gauge 
action, where cxp: Ox — ^ Ox/P is a natural surjection. Hence by the definition 
oi ujp and Theorem 17. H we have an isomorphism p: Ox^p — ^ Ox/P such that 
(p o vr^^, p o t^p) = {ap o vTx, dp o tx). Hence Cx/-P = Ox^^ and P = P^p. □ 

Now we get the following. 

Theorem 8.6. The set of all gauge-invariant ideals of Ox corresponds bijectively to 
the set of all 0-pairs of X by P ^ uip and u P^j. These maps preserve inclusions 
and intersections. 

In the case that C*-correspondences are defined from graphs, or more generally 
from topological graphs. Theorem 18. (il had already been proved in |BHRS] or |K8j . 

Corollary 8.7 ( |MT| Theorem 6.4]). If A = Jx+^er (px, then P ^ Ip is a bisection 
from the set of all gauge-invariant ideals of Ox to the set of all invariant ideals of 
A with respect to X . 

Proof. By Theorem 18.61 and Lemma f5.2[ it suffices to show that Jxj C [Jx]i for all 
invariant ideal / of A. Let / be an invariant ideal. Since A = Jx + kery^x, we 
have A/I = [Jx\i + [kery^x]/- Hence we get ([ker y^x]/)"*" = [Jx\i- Since kery^Xj ^ 
[kery^x]/, we obtain 

Jxi C (ker^xj^ C ([ker(^x]/)^ = [Jx\i- 
We are done. □ 

Note that the assumption A = Jx+ker (/^x is equivalent to the assumption in |M1^ 
Theorem 6.4]. This is also equivalent to say that A = Ai Q) A2 and (px '■ A jC^X) 
is the composition of the natural surjection A ^ Ai and an embedding Ai ^ /C(X). 
This assumption is not neccesary to have that the map P 1-^ Jp is bijective, as we 
will see in Sections IHl and ^1 We finish this section by the following result on the 
gauge-invariant ideals of Tx- 

Proposition 8.8. The set of all gauge-invariant ideals ofTx corresponds bijectively 
to the set of all T -pairs of X such that inclusions and intersections are preserved. 

Proof. The set of all gauge-invariant ideals of Tx corresponds bijectively to the "set" 
of all representations of X admitting gauge actions if we consider two representa- 
tions (vr, t) and (vr', t') are same when there exists a (necessarily unique) isomorphism 
p: C*(7r,t) C*{TT',t') such that poyr = vr' and pot = t'. Under this identification, 
the "set" of all representations of X admitting gauge actions corresponds bijec- 
tively to the set of all T-pairs of X by (vr,t) 1— > defined in Definition 15.91 and 
1^ ^ {T^uiit^) defined in Definition 16.101 bv Proposition 16. 12l and Theorem 17.11 This 
completes the proof. □ 

9. Gauge invariant ideals and strong Morita equivalence. 

In this section, we will prove that each gauge-invariant ideal P of the C*-algebra 
Ox is strongly Morita equivalent to the C*-algebra Oyp for a certain C*-correspon- 
dence Yp. In the next section, we will see that in fact we can find a C*-correspon- 
dence Yp so that P is isomorphic to Oy' ■ 
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For a positively invariant ideal / of A, we have (fx{I)X C XI. Hence the closed 
linear subspace Yj = ipx{I)X of X is naturally considered as a C* -correspondence 
over /. 

Lemma 9.1. For a positively invariant ideal I of A, we have kerf/^y^ = / flkery^x 
and ipy]{lC{Yi)) = ln ip-\lC{X)). 

Proof. Take a G kery^y^. For ^ G X, we have (px{(i)<^x{ci*)C, = because ipxia*)^ G 
Yj. Hence we have aa* G kenpx- Thus we get a G I (Iker ipx- This shows kery^y^ C 
/ n keripx- Since the converse inclusion is obvious, we get keiLpYj = / fl keripx- 

Take a G (/9y^"^(/C(y/)). Set = ^Viio.) G /C(Y/) C /C(X). Since we have 
'^x{o)'^x{b)^ = kipx{b)^ for 6 G / and ^ G X, we get '.px{a)^x{a)* = kcpxia)*. 
We also get (px{a)k* = kk* because k G IC{Yj). Thus {ipx{a) - k){ipx{a) - k)* = 0. 
Hence 'PxiO') = k E )C{X). Since the converse inclusion is obvious, we have 

^y^{}C{Yj)) = inv-/mx)). D 

Proposition 9.2. For a positively invariant ideal I of A, we have Jyj = / H Jx- 

Proof. Since kery^y^ C kery^x, "we have (kery^y^)-*- D (kenpx)'^- By Lemma (9. 11 we 
have (keripYj)^ fl / fl kei ipx = 0. Hence (ker y^y^)-*- fl / C (keripx)'^- Thus we have 
(kery^y^)-*- n / = (kenpx)^ H /. From this equality and Lemma I^TTl we get 

Jy, = ^y/(/C(y,))n(ker^y,)^ 

= in^^\iC{x))n{keT^Yr)^ 

= inip^\iC{x))n{keTipx)^ 
= inJx. 

□ 

Proposition 9.3. For a positively invariant ideal I of A, the C*-subalgebra gen- 
erated by TTx{I) and txiYj) is isomorphic to Oyj, arid it is the smallest hereditary 
C* -subalgebra in Ox containing ttx{I)- 

Proof. Let B be the C*-subalgebra of Ox generated by vrx(/) and tx{Yi). Clearly 
the restrictions of ttx and tx to / and Yj give an injective representation (vr, t) of 
Yj on Ox which admits a gauge action. It is also clear that C*{7r,t) = B. By 
Proposition 19.21 this representation (vr,t) is covariant. Thus B is isomorphic to Oyj 
by Theorem 13.61 

Since we have 'nx{,I)tx{X)'nx{I) = tx{yi)T!'x{I) = txiXi), B is contained in the 
C*-subalgebra 7ix{I)Ox'n'x{I)- By |K5| Proposition 2.7], Ox is the closure of the 
linear span of elements in the form 

txi^l)--- tx iCn)T^X {a)tx iVrnY ■■■txiVlT 

for a G A and ^k,Vi ^ ^- By using the fact TTx{I)tx{X) = t x (Yi) it x{I), we 
can prove by the induction on n that 7!'x{b)tx{C,i) ■ ■ ■tx{C,n)T!'x{ci) E B ioi b E I, 
a E A and G X. Hence 'n'x{I)Ox'n'x{I) is contained in B. Thus we have shown 
that B = -K x{I)0 xT^ x{I) which is the smallest hereditary C*-subalgebra containing 
vrx(/). □ 

Proposition 9.4. For an ideal I of A, the ideal of Ox generated by ttx{I) is Pu) 
where a; = (X-^(/), X~^(/) + Jx). 
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Proof. Let P be the ideal of Ox generated by vrx(/). Since I C Ip and Ip is 
invariant, we have X^(J) C Ip by Proposition l4. 161 Hence we have Xf^(/) + Jx C 
Ip + Jx C Ip. Therefore we get uj C {Ip, Ip) = uop. Since ttx{I) C 7rx(X^oo(-^)) ^ 
imphes P C P^^, we have ojp C c<jp^ = oj. Thus we get cjp = oj. Since 7!'x{I) 
is closed under the gauge action, the ideal P is gauge-invariant. Hence we have 
p = p_ = R , bv Proposition □ 

Proposition 9.5. Let I he a positively invariant ideal of A. For an 0-pair uj = 
{X^oo{I), X-oo{I) + Jx), the gauge-invariant ideal P,^ is strongly Morita equivalent 
to the C* -algebra Oyi- 

Proof. By Proposition 19.31 and Proposition 19.41 the C*-subalgebra generated by 
Tix{I) and txiXi) is isomorphic to Oyj and is a hereditary and full C*-subalgebra 
of P^ which is the ideal generated by vrx(/). Thus P^i is strongly Morita equivalent 
to the C*-algebra Oy,. □ 

Corollary 9.6. Let X he a C* -correspondence over a C* -algehra A. Define a C*- 
correspondence Y over A hy Y = {px{A)X. Then Oy is strongly Morita equivalent 
to Ox- 
Proof. Apply Proposition 19.51 to the invariant ideal A. □ 

The C*-correspondence Y defined in the above corollary is non-degenerate, namely 
it satisfies that ipY{A)Y = Y. Thus by Corollarv 19.61 we can exchange a given C*- 
correspondence to a non-degenerate one so that the C*-algebras constructed by them 
are strongly Morita equivalent (we used this fact in IK51 Appendix C]). 

By Proposition 19.51 gauge-invariant ideals P satisfying that I'p = Ip -\- Jx are 
shown to be strongly Morita equivalent to the C*-algebra Oyj^^ of the C*-correspon- 
dence Yjp. To deal with all gauge-invariant ideals of 0{X), we need the following 
argument. 

Let us define a C*-algebra A and a Banach space X by 
I=7rx(A) + ^i^(/C(X))cOx, 

X = sm{tx{x) + tx{x)^tA'^ix))) cOx. 

If we define the left and right actions of A on X as multiplication, and the inner 
product by f])^ = ^*ri, X becomes a C*-correspondence over A. Since the em- 
beddings A ^ Ox and X ^ Ox give an injective representation of X, we have 
an injective *-homomorphism from }C{X) onto span(XX*) C Ox- Thus we can 
identify /C(X) with span(XX*). 

Lemma 9.7. We have = V't^(/C(X)) C A. 

Proof By the identification above, the restriction of ip^ to the ideal iptxi^i-^)) of 
A is just the embedding ipt^^JC^X)) ^ /C(X). Hence we have iptxi^i-^)) ^x- 
We will prove the converse inclusion. Take vrx(a) + iptxW ^ ^x- Then we have 
TTx{ci) G J^. Let {ux} be an approximate unit of '?/'j^(/C(X)). It is not difficult to 
see that {{p^{ux)} is an approximate unit of /C(X) (see |K5t Lemma 5.10]). Since 
iPj^{TTx{ci)) G /C(X), we have 

V^xiT^xia)) = lim(^j^(7rx(a))v?^(MA) = lim<Px{7Tx{a)ux) G <p^{tpt^{IC{X))) . 
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Hence there exists k G /C(X) with (p^{j:x{,o)) = ipj^i^iptxi^))- Therefore we have 

tx{vx{a)0 = TTx{a)tx{0 = 'Px{T^x{a))tx{0 

= ip^{ilJtAk))tx{0 = ^tAk)tx{0 = tx{kO 

for each ^ E X. Hence we obtain (px{(i-) = k E /C(X). For b G kerc^^x we have 
Tixib) G ker(y9j^. Therefore we get nx{(ib) = for all b G kerc^^x- Thus a G 
iPx^{K:{X)) n (kerv^x)"^ = Jx- Therefore 7rx(a) + ipt^ik) = iptxi^xia) + k) e 
^tx{l^{X)). This shows C ^t^(/C(X)). Thus we get = tpt^mx)). □ 

Proposition 9.8. The natural inclusions A ^ Ox and X * Ox induce an iso- 
morphism 0^ = Ox- 
Proof. It is clear that the pair (7r,t) of the inclusions tt: A ^ Ox and t: X "—>■ 
Ox is an injective representation of X admitting a gauge action and satisfying 
C*(7r,t) = Ox- By Lemma l9.7[ the representation (vr, t) is covariant. Hence we 
have an isomorphism P(7r,t) : ^x by Theorem 13.61 □ 

Proposition 9.9. For a gauge-invariant ideal P of Ox, we set I = A (1 P . Then 
P is strongly Morita equivalent to the C* -algebra Oy~ where Yj = ipj^{I)X is a 
C*- correspondence over J. 

Proof. Since I is the intersection of A and the ideal P of Oj^ = Ox, the ideal / 
is an invariant ideal of A. Let P be the ideal in O^ = Ox generated by /. By 
Proposition 19.51 P is strongly Morita equivalent to the C*-algebra Oy^- We will 
show that P = P. To do so, it suffices to see up = ojp by Theorem 18 . 61 because both 
P and P are gauge-invariant. Since I G P, we have P G P. Hence Up G up. We 
have 

7ixiA)nP = nxiA)nAnP = 7rx(A) n7 C nxiA)nP. 
Similarly, we have 

nx{A) n (P + (/C(X))) =7Cx{A)n{AnP + i,t, (/C(X))) 

= 7rx(A)n(7+^i,(/c(x))) 

C7rx(A)n(P + ^,,(/C(X))). 

Hence we get up C up. Thus up = up. This completes the proof. □ 

Remark 9.10. As we saw in the proof of Proposition 19.91 we can see that gauge- 
invariant ideals of Ox are distinguished by their intersection with A. By Proposition 
19.91 the set of all gauge- invariant ideals of Oj^ corresponds bijectively to the set of 
all invariant ideals of A even though the C*-correspondence X does not satisfy the 
assumption in Corollarv 18.71 in general. 

Proposition 19 . 91 shows that every gauge- invariant ideals of Ox are strongly Morita 
equivalent to the C*-algebra Oy for some C*-correspondences Y. In the next section, 
we will see that for every gauge-invariant ideal P of Ox we can find a C*-correspon- 
dence Y so that P is isomorphic to Oy. 
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10. Crossed products by Hilbert C*-bimodules 

For a C*-algebra A, a Hilbert A-bimodule is a C*-correspondence X over A to- 
gether with a left inner product x{-, ■) ■ X x X A such that ^Px{x{^,v)) = 
for ^,7] E X (for the detail, see |AEEj . for example). We have 

Jx =m^{x{^,v) eA\^,riEX}. 

A C*-correspondence X has a left inner product so that it becomes a Hilbert A- 
bimodules if and only if we have ipx{Jx) = ^{^), and in this case a left inner 
product is uniquely determined by the structure of C*-correspondence as x{^,v) = 
{fx\jx)~\G^,v) e Jx (see |K1 Lemma 3.4]). 

For a general C*-correspondence X over A, an ideal / of A is positively invariant 
if and only if ifx{I)X C XI. For Hilbert C*-bimodules, we get an analogous 
statement for negative invariance. Let us fix a Hilbert A-bimodule X whose left 
inner product is denoted by x{-, ■)■ 

Lemma 10.1. An ideal I of A is negatively invariant if and only if ipx{I)X D XI. 

Proof. Let / be a negatively invariant ideal of A. Take ^ G X and a E I. For 
arbitrary 77 G X, we have (pxix{^CL,v)) = ^Ca.r? ^ /C(X/). Since x{^cl,v) ^ Jx, the 
negative invariance of I implies xi^^yV) ^ ^ arbitrary rj E X. Similarly to the 
proof of Proposition II. 3t we can prove E ipx{I)X. Thus we have ipx{I)X D 
XI. Conversely, assume that an ideal / satisfies (px{I)X D XI. For E XI, 
we can find C,' E X and a E I with ^ = <^x(o)^'. Therefore we have x{^,v) = 
x{fx{ci)dv) = (^{xiCyV)) ^ ^- Hence we can see that {(px\jx)^^W ^ ^ 
k E 1C{XI). Therefore for a E Jx with (px{o) £ K,{XI) we have a E I. This shows 
that / is negatively invariant. □ 

Proposition 10.2. An ideal I of A is invariant if and only if ipx{I)X = XI. 

Proof. Clear from Lemma flO. 11 □ 

Proposition 10.3. For an invariant ideal I of A, the C* - correspondence Xj defined 
in Section\^ has a left inner product ■) such that Xi{[C,]i, = [x{^,v)]i foT 

i.vex. 

Proof. Since ipx{I)X = XI, it is not difficult to see that the left inner product of 
Xj described above is well-defined, and satisfies the conditions required. □ 

Corollary 10.4. For an invariant ideal I of A, we have Jxj = [Jx]i- 

Proof. By Proposition 110.31 we have 

Jxr = spa:^{xj{C,v') e ^/-^ I ^',V' e ^1} 

= span{U(e, V)]i eA/I\^,7]EX} = [Jx]i. 

□ 

Proposition 10.5. For an invariant ideal I, the C* -suhalgehra of Ox generated by 
7rx(/) and tx{XI) is an ideal. 



Proof. This follows from the fact that XI = ipx{I)X = ipx{I)XI. 



□ 
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Theorem 10.6. Let X be a Hilhert A-himodule. For an ideal P of Ox, we define 
an ideal Ip of A by 7Tx{Ip) = 7rx{A) fl P. Then the map P ^ Ip gives a one-to- 
one correspondence from the set of all gauge-invariant ideals P of Ox to the set of 
ideals I of A satisfying ipx{I)X = XL We also have isomorphisms P = Oxip and 
Ox/P = ^Xip for a gauge-invariant ideal P. 

Proof. By Corollary 110. 4| we have I' = I + Jx for all 0-pair u = (J, I'). Thus the 
first assertion follows from Theorem 18 . 61 and Proposition 110. 2l The second assertion 
follows from Proposition 18. 5t Proposition 19.31 and Proposition 110. 5( □ 

Note that both XI and Xj are Hilbert C*-bimodule. Thus the class of C*-alge- 
bras associated with Hilbert C*-bimodule behave well. We will see that this class is 
same as the one of C*-algebras associated with C*-correspondences, which we are 
studying in this paper. 

Let us take a C*-algebra A and a C*-correspondence X over A. We define a 
C*-algebra A and a Banach space X by 

A = O^, X = {xeOx\ lz{x) = zx for all z G T}. 

Remark 10.7. In a similar way to the proof of |K5t Proposition 5.7], we can prove 
that X = spa.n(tx{X)Ox)- We do not use this fact. 

It is easy to see that X is a Hilbert A-bimodule where the inner products are 
defined by 

_ {^,v)x = Cv, x{^,v) = ^v\ 

for ^, ?7 G X, and the left and right actions are multiplication. 

Proposition 10.8 (cf. jAEE| Theorem 3.1]). The natural embedding of A and X 
into Ox gives an isomorphism O^ = Ox- 

Proof. By Theorem 13.61 it suffices to check that the embedding of A and X into 
Ox is an injective covariant representation admitting a gauge action, and these are 
easily checked. □ 

Corollary 10.9. Let X be a C* -correspondence over a C* -algebra A, and P be a 
gauge-invariant ideal of Ox- If we set I = P H A, then P is isomorphic to O^j. 

Proof. Combine Theorem 110.61 and Proposition 110.81 □ 

We remark that in order to compute the i^-groups of gauge-invariant ideals. 
Proposition 19.51 and Proposition 19.91 seem to be more useful than Corollary 110.91 

11. Relative Cuntz-Pimsner algebras 

In the last section, we apply the results obtained above to the relative Cuntz- 
Pimsner algebras introduced in 'MS]. Recall that for a C*-correspondence X over a 
C*-algebra A, and an ideal J oi A with <fx{J) C /C(X), the relative Cuntz-Pimsner 
algebra 0{J, X) is generated by the image of a representation (vr, t) which is universal 
among representations satisfying 7r(a) = ipti^fixid)) for a G J (see [ MS^ Theorem 
2.19]). We will show that every relative Cuntz-Pimsner algebras are isomorphic to 
Ox' for some C*-correspondences X'. In particular, every Cuntz-Pimsner algebras 
and Toeplitz algebras (and augmented ones) introduced in [Pi] are in the class of 
our C*-algebras. 
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By the universahty, the representation ('iT,t) of X on C(J, X) admits a gauge 
action. Hence by Corollary 17.131 we see that C(J, X) is isomorphic to Ox^^ We 
will express ci;(7r,t) in terms of a C*-correspondence X oyer A and an ideal J of A. 

Now let us take a C*-correspondence X oyer a C*-algebra A, and an ideal J oi A 
with (px{J) C /C(X). We inductively define an increasing family of ideals {J_„}neN 
by Jo = and = J-„ + J n X~^(J_^„). We set J_oo = lim„_oo J-n- We 

denote by uj the pair {J_oo,J) of ideals of A. Since X~^{0) = kei ipx, we have 
J_i = J n ker y^x- It is easy to see that J_oo = if and only if J fl ker ipx = 0. 

Lemma 11.1. The pair ujj = {J-oo, J) is a T-pair of X . 

Proof. Clearly Jo = is positively invariant. We can prove that J_„ is positively 
invariant for all n G N by the induction with respect to N similarly as in Lemma Pl.lSl 
Hence J_oo is positively invariant. Again by the induction, we see that J_oo C J. 
Since J fl X~^(J_„) C J„(„+i) C J^oo for all n, we have J fl X~^{J^oo) C J_oo by 
Proposition 14.71 Since v^x(J) C IC{X) by the assumption, we have [v^x(J)] j C 
}C{Xj_^). Hence we get J C J(J-oo)- Thus we have J_oo C J C J(J-oo)- We are 
done. □ 

Lemma 11.2. // a T-pair uo = (/, /') satisfies J C then uoj d uj. 

Proof. We will prove J_„ C / by the induction on n. For n = 0, it is trivial. Assume 
J-n C /. We have 

J n x-i(j_„) c /' n x-\i) c J(/) n x-\i) = i 

by Lemma f5. 21 Hence 

We have shown that J_„ C / for all n. This implies that J_oo C /. Hence we have 
uoj d uo. □ 

Proposition 11.3. The relative Cuntz-Pimsner algebra 0{J,X) is isomorphic to 
the C* -algebra Ox^j of the C* -correspondence X^^j. 

Proof. Let us denote by (vr, t) the universal representation of X on 0{J, X) satisfying 
7r(a) = ipt{'^x(yO')) for all a E J, and by (7r^j,ttjj) the representation of X on the 
C*-algebra Ox^^ defined in Section IHl By Proposition 16. 121 we have /|^^ )~ 
Hence by Lemma 15.101 (v), we have vrt^j(a) = V^t^^ (v^x(a)) for all a E J. By the 
universal property of 0{J,X), there exists a *-homomorphism p: 0{J,X) ^x^j 
such that TT^j = poTx and t^^ = pot. On the other hand, J C I'^^ implies Uj C i^(n,t) 
by Lemma 111. 21 Hence by Theorem 17. 11 there exists a surjective *-homomorphism 
p' : Ox^j — > 0{J,X) such that n = p' o n^j and t = p' o t^j. Clearly p and p' are 
the inverses of each others. Hence 0{J,X) is isomorphic to Ox^j- D 

By Proposition 111.31 the T-pair uj(^j^^tj arising from the representation (vr, t) on 
0{J,X) coincides with uj = (J_oo, J)- From this fact, we have the following corol- 
laries. 

Corollary 11.4. Let {TT,t) be the representation of X on 0{J,X). Then the kernel 
of the map tt: A 0{J,X) is J^oo, o-nd we have 

{a E A \ ipx{ci) ^ ^(-^)) '^'iT'd 7r(a) = ipt{'^ x (cl))} = J 
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Proof. This easily follows from ci;(7r,t) = ^j- D 

Corollary 11.5. The relative Cuntz-Pimsner algebra 0{J,X) is zero if and only if 
J-oo = ^■ 

Proof. Clear by Prop osit ion 1 11 . 3l □ 

Corollary 11.6 f |MS| Proposition 2.21]). The map tt: A ^ 0{J,X) is injective if 
and only if J Cl ker (fx = 0. 

Proof. By Corollary II 1.41 tt'- A 0{J,X) is injective if and only if J_oo = 0, which 
is equivalent to the condition J fl ker ipx = as we saw above. □ 

The following is a gauge-invariant uniqueness theorem for relative Cuntz-Pimsner 
algebras. 

Corollary 11.7. For a representation {TT',t') of X satisfying tt' (a) = il)ti{ipx{a)) for 
a& J, the natural surjection 0{J,X) — > C*(7r',t') is an isomorphism if and only if 
(vr'jt') admits a gauge action, kervr' = J-oo, md 

{aeA \ 7r'(a) G V^t/(/C(X))} = J. 

Proof. By Proposition ll 1 . 31 0{J, X) is canonically isomorphic to Ox^j- By Theorem 
17.11 the surjection from Ox^j to C*{7r',t') is injective if and only if (7r',t') admits 
a gauge action and ti;(7r',t') = i-^j- The last two conditions in the statement just 
rephrase the condition (^(^j^r^t') = ^j- D 

Note that we automatically have ker tt' D J_oo and {a G A | n'{a) G ipt' {K.{X))} D 
J. Note also that in general we cannot replace the condition 

{a G A I 7r'(a) G ^t/(/C(X))} = J. 

to the condition 

{a G v4 I (fxicb) G IC{X), and n'{a) = tpt'i^xio-))} = J, 

which seems to be natural at first glance. This is because there may exist a ^ A with 
ifx{a) i /C(X) satisfyi ng (a)] j-^ e /C(Xj_^) and 7r'(a) = e 
ipt'{J^{X)) (see Lemma 15.101 (iv) and (v)). In the case that J fl kenpx = 0, the 
statement of CoroUarv 1 1 1 . 71 has the following simple forms. 

Corollary 11.8. Let us assume Jflkery^x = 0. For a representation {i^\t') of X 
satisfying T[\a) = ipt'i'-Pxio)) for a E J, the natural surjection 0{J,X) C*{ti' ,t') 
is an isomorphism if and only if (tt', t') is injective, admits a gauge action, and 
satisfies 

{a E A \ fx^o) £ ^{X), and vr'(a) = ipti^fxio))} = J. 

We remark that an ideal J of A satisfies <fx{J) C )C{X) and J Piker (fx = if and 
only if J C Jx- As we saw in Corollarv lll.6t the maps from A and X to the relative 
Cuntz-Pimsner algebra 0{J, X) is injective only when J satisfies J C Jx- Thus it is 
not a good idea to examine the structure of 0{J, X) in terms of A, X and J unless 
J satisfies J G Jx- Anyway, the following result on the ideal structure of relative 
Cuntz-Pimsner algebras 0{J,X) can be easily obtained similarly as Theorem 18.61 or 
Proposition 18.81 
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Proposition 11.9. Let X be a C* -correspondence over a C* -algebra A, and J be 
an ideal of A with (fxiJ) C /C(X). Then there exists a one-to-one correspondence 
between the set of all gauge-invariant ideals of 0{J,X) and the set of all T-pairs 
uj = (/, I') of X satisfying J C which preserves inclusions and intersections. 

We note that a T-pair uj = (/, /') satisfies J C /' if and only if C a; by Lemma 
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